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LORENTZIAN MANIFOLDS 
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Abstract. A parallel lightlike vector field on a Lorentzian manifold X nat- 
urally defines a foliation T of codimension one. If either all leaves of T are 
compact or X itself is compact admitting a compact leaf and the (transverse) 
Ricci curvature is non-negative then a Bochner type argument implies that the 
first Betti number of X is bounded by 1 < b\ < dimJf if X is compact and 
< bi < dimX — 1 otherwise. We show that these bounds are optimal and 
depending on the holonomy of X we obtain further results. Finally, we classify 
the holonomy representations for those X admitting a compact leaf with finite 
fundamental group. 



1. The Class of Decent Spacetimes 

Let (X,g L ) be a Lorentzian manifold and V L its Levi-Civita connection^ Sup- 
pose (X, g L ) admits a V L -parallel lightlike subbundlc S c TX of rank one, i.e., 
V L T(U C X, E) C r(U,H). We write E 1 - C TX for its orthogonal complement. 
Thus, E 1 - D S has codimension one. Being a V L -parallel subbundle, 5 and there- 
fore S 1 - induce a foliation X of dimension one and a foliation X^ of codimension 
one on X, Consider the vector bundle S := Coker(S S- 1 ). We have an induced 
metric h and an induced connection V 5 on S. Moreover, hr has Riemannian sig- 
nature and \7 s h s — 0. We call (S, h s , V 5 ) the (canonical) screen bundle of (X,g). 
Given a non-canonical splitting s of the exact sequence 

s 

>- 3 > 3 -L ±=5 s *- 

we define S := s(S) and call it a (non-canonical) realization of S in TX. The 
connection V L on X induces a connection on S given by V s := pr$ ° V L |s- 

The canonical bundle morphism S — > S is easily shown to be a vector bun- 
dle isomorphism such that V 5 = F*V 5 and g\sxs = F*h s , i.e., Hol{S, V 5 ) = 
Hol(S, V 5 ). Since ScS 1 and S 1 - C TX has signature (1, 1) the light cone in S*^- 
is the union of two lines one of which is given by S p and we derive 

Corollary 1.1. Given a realization S C TX of the screen bundle of (X,g L ) there 
is a uniquely defined lightlike subbundle C TX of rank one with the following 
property: If V £ T(U C X, S) then there exists a unique section Z G T(U C X, O) 
such that g L {V,Z) = 1. ■ 

Using locally future pointing sections as well as Cor. II .11 and a partition of unity 
we conclude that the following arc equivalent. 

• S admits a nowhere vanishing section, 

• (X, g L ) is time-orientable, 

• X is transversely orientable. 
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Since S is V L -parallel any global section is recurrent 

Definition 1.2. Let (X, g L ) be a Lorentzian manifold and V G T(X, TX) a global 
nowhere vanishing lightlike vector field. We say (X, g L , V) is an 

(1) almost decent spacetime if V L V = a(-)V for some f-form a € T(X,T*X). 

(2) decent spacetime if it is almost decent and a\ s ± = 0. ■ 

For an almost decent spacetime we always assume that V G T(X,E) is future 
pointing. Next, we characterize the class of almost decent spacetimes in the class of 
Lorentzian manifolds. If (X, g L ) is an arbitrary Lorentzian manifold let t)ol p (X, g L ) 
be its holonomy algebra at p G X. Then t)ol p (X, g L ) has the Borel-Lichnerowicz 
property, i.e., there is an orthogonal decomposition T p X — Eq © . . . © Eg into 
non-degenerate tyol p (X, g L )-invariant subspaces and a corresponding decomposition 
f)0L(X, g L ) — f)i ©. . .®f)e into commuting ideals such that each t)j C so(Ej, g L \Ej) 
acts weakly irreducibly on Ej and trivially on Ei for i ^ j. Using [DSOOlj we 
derive three possible cases: 

(1) Eq = or g L \E is positive definite and f)i acts irreducibly for i > 1. In this 
case, we may assume that g L \Ej is positive definite for j > 2. Hence, t)j 
acts as an irreducible Riemannian holonomy representation for j > 2 and 
[)i = so(l,n+ 1). 

(2) Eq ^ and 3 L |b is negative definite or of Lorentzian signature. Thus, 
g L \Ej is positive definite and t)j acts as an irreducible Riemannian holonomy 
representation for j > 1. 

(3) i?o = or <? l |,e is positive definite, f)j acts as an irreducible Riemannian 
holonomy representation for j > 2 and t)i C so(l,n + 1) is weakly irre- 
ducible but not irreducible. In this case, f)i leaves a degenerate subspace 
W invariant. 

In the first case, t)ol p (X, g L ) does not leave any lightlikc line invariant. Hence, 
(X, g L ) is not almost decent. There is no general statement for the second case. 
However, if (X, g L ) is given by the last case then it is almost decent if it is time- 
orientable. Let us explain this fact. First, we have an f)i-invariant line W fl W . 
If v is a lightlike vector in T p X spanning the invariant line then Hol°(X, g L ) C 
Stab(R ■ v) C SO {T p X). If we identify T p X with R 1,n+1 then it can be shown that 
Stab(R ■ v) = (R* x SO(n)) K R n . If we choose a basis (v, ei, . . . , e„, z) of W l+2 
satisfying g(e-i, ej) — Sij, g(v, z) = 1 and g(v, v) — g(z, z) = then the Lie algebra 
(K ©so(n)) x R" of (R* x SO{n)) K W l is given by 





T 

w 


°\ 


{(: 


A 


~w 







-a) 



:a€l, Ae so(n), w G R'' 



Lemma 1.3. _Fbr a Lorentzian manifold (X,g L ) whose Borel-Lichnerowicz decom- 
position is given by 

T p X = E © . . . © E e and t)ol p (X, g L ) = f)i © . . . © \ t 

with Ei positive definite for i ^ 1 and f)i ^ so(l, n + 1) let W fl M^ 1 * &e an isotropic 
\)\-invariant subspace. Then W (~l W C i?i is invariant under the action of the 
full holonomy group Hol(X, g L ). 

Proof. The idea is to apply Hol(X,g L ) C Norm 0(1 dimX _ 1) (i/oZ°(X, g L )). For 
t) G W H W 1 ' we have f)i • v G R • w. Let Hi be the connected Lie subgroup of 
Hol°(X, g L ) whose Lie algebra is f)i. For any h G Hol°(X, g L ) we have h[v) = at^-v 
since Hi acts trivially on i?i for % ^ 1. Therefore, (g~ 1 hg)(g~ 1 v) = ah ■ g^ 1 ^) for 

2 We say 1/ £ V(U, TX) is recurrent if V L V = ay-QV for some 1-form a v £ T*X). 
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g G Norm o(lidimX _ 1) (i7o? (X, 5 i )) and h G Hol°{X,g L ). For < i < £ let 
Vi G Ei such that =% + ...+ vt. Using Hi c g~ 1 Hol°(X,g L )g we derive 

R • 9 h ■ g^{v) = u + • • • + Vi-i + hii + v i+ i + . . . + vt for all h G iJ^. 

Therefore, £!•?), and for i > 2 we conclude W{ = since Hi acts irreducibly. 
Hence, (u) =Vo+v%. 

On the other hand, we have H ■ g~ 1 (v) 3 h ■ ,g _1 (w) — vo + hvi for all h E Hi. 
Hence, Vi G R • u since -Hi acts weakly irreducibly and reducibly on E\. If «o ^ 
we derive the contradiction = g~ l {v)) — (-Do, So) + 2(vq,Vi) + (vi^i) = 

(^O)^o) 7^ since Eq is definite. Therefore, el-t) and Hol(X, g L ) ■ v G 

R • u. ■ 

We conclude that W^nVK 1 " corresponds to a V L -parallel lightlike subbundle 3 C 
of rank one. If (X, g L ) is time-orientabkjl we have a global section V E T(X, 3), 
i.e., (X, g L ,V) is almost decent. 

2. A LORENTZIAN - RlEMANNIAN DICTIONARY 

Let (X, g L , V) be an almost decent spacetime and S a realization of the screen 
bundle. Using Cor. 11.11 we fix Z G T(X,Q) and define the following Riemannian 
metric on X. 

!1 tfA = B = V or A = B = Z, 

g L (A,B) HA,Be S, 
otherwise. 

Given a choice for S and V we say g R is the (V, 5)-metric associated to g L . We 
have TVf- 1 = 3 © S and 9 = (TA' 1 ) 1 s R where (TA' i ) 1 s R is the normal bundle of 
TX 1 - C TX w.r.t. 

Definition 2.1. Let (X,T) be a foliated manifold and r(U,TT) the vector fields 
on [/ C X tangent to T . 

(1) A Riemannian metric g R on X is bundle-like w.r.t. T if (I/yg)(Yi, Y2) = 
for any open subset (Jcland all V G T(U,TT), Y. G r([/, T.pV). 

(2) We say (X, F) is transversely parallelizable if there exists a global frame 
(Yi, . . . , Fcodim^-) for TX/tjt and global sections Fj G T(X, TX) such that 
\Yi,TF] G TJ" and F 4 = pr T x/ T j:{Yi) for all 1 < i < codim T. U 

Lemma 2.2. Let (X,g L ,V) be an almost decent spacetime. For any realization of 
the screen bundle S the following are equivalent. 

(1) The (V, S) -metric g R is bundle-like w.r.t. X 1 and (X, X 1 ) is transversely 
parallelizable, 

(2) the 1-form g L (V, •) defining X 1 - is closed and 

(3) (X, g L ) is decent, i.e., a|n± = 0. 

Proof. Suppose a\ E ± = 0. Let V G T(X,E) and fix Z G T(X,0). We have to 
show {L w g R )(Z, Z)=0 for all W G T(U, E 1 ). Using g R (-, Z) = g L (-, V) we derive 
ff «(V^Z,Z) =g L (V^Z,V) = -g L {Z,V^V) = -a(W) and 

(L w g R )(Z, Z) = W(g R (Z, Z)) -2g R ([W, Z],Z) = 2g R (W L z W, Z) - 2g R (V^Z, Z) 

=0 6H-L 

= 2a(W). 



If (X, g) is not time-orientable we may consider its 2-fold time-orientation cover. The global 
nowhere vanishing section V £ T(X, H) is recurrent but not necessarily parallel even if f)i annihi- 
lates a vector. In fact, we derive a class in H 1 (X,M.) induced by n\ (X) -» Hol p (\/ L )/jj o i0^\/L^ — > 

R where the last morphism is induced by pr= p o Hol v (SJ L ) |g . 
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Thus, g R is bundle-like w.r.t. X^ . Moreover, pr z ([W,Z}) := g R ([W,Z},Z)Z = 
—a(W)Z and Z is globally defined, i.e., the foliation X 1 - is transversely paralleliz- 
able. For the last statement we compute 

d(g L (V, -)){W, Z) = g L {V^V, Z) - g L {V L z V 1 W) 

= a(W)g L (V 1 Z) - a(Z)g L (V, W) = a(W). 

For the converse we follow these equations backwards. ■ 

Lemma 2.3. Let (X,g L ,V) be an almost decent spacetime and C 1 - a leaf o/S . 
Let S be any realization of the screen bundle. 

(1) The restriction g R \jr± of the (V, S) -metric is bundle-like w.r.t. the foliation 

(2) The (V, S)-metric is bundle-like w.r.t. the foliation (X, X) if and only if 
a(V) = C0 and [V, Z] G T(X, 3). 

Proof. Since g R \ S xs = 9 L \sxS we have for any Yx,Y 2 G r(J7, S) 
{L v g R ){Y x , Y 2 ) = V(g L (Y 1 ,Y 2 )) - g L ([V, Y t ], Y 2 ) - g L {[V 1 Y 2 ),Y X ) 

= g L {V^Y u Y 2 )+g L {Y 1 ^Y 2 )-g L {[V,Y 1 ] : Y 2 )-g L ([V,Y 2 ],Y 1 ) 

= g L ( V, Y 2 ) + g L {Y 1 , V^ 2 V) = 

For the second statement we need to show (Lvg R )(Yi,Y 2 ) = for any Y\ 1 Y 2 S 
T(U, S © 8). If Y x = Z and Y 2 e T(U, S) we derive 

(L V9 R )(Z, Y 2 ) = V(g R (Z, Y 2 )) - g R ([V, Z],Y 2 ) - g R ([V, Y 2 ],Z) 

= -g L ([V,Z] 1 Y 2 )-g L ([V 1 Y 2 lV) = -g L {[V, Z], Y 2 ). 

For Y x = Y 2 = Z we have (L v g R )(Z, Z) = V{g R {Z, Z)) - 2g R ([V, Z],Z) = 2a(V). 
Since g L (V^Z, V) = -a{V) we conclude [V, Z] e T(X, 5) if a(V) = and [V, Z] G 
r(X,H©8). ■ 

For a foliated manifold (X, F) let X/jr be its set of leaves and 

n : X ^ X/j:, p i y (leaf through p). 

For Riemannian foliations this map has been studied in |Her60j . |Rei61j . |Esc82j 
and |Mol88) . Given the results in |Con74] and Lemma |2~21 we have 

Corollary 2.4 (Conlon |Con74j ) . For a decent spacetime (X, g L ,V) all leaves of 
(X, X- 1 ) have trivial leaf-holonomy. Suppose there is a realization of the screen 
bundle such that Z is complete and let be a leaf of X . 

(1) // there is no leaf of X 1 - which is closed in X then each leaf is dense in X . 

(2) We have X = C 1 - x R where X, C 1 - denote the universal covers of X , C 1 - . 

(3) // there is a closed leaf then X — > X/%-L is a smooth fiber bundle and 

X/^ei^S 1 }. 

(4) The inclusion £^ — » X induces a monomorphism tti^^) — >• %x(X) onto a 
normal subgroup. Lf X is compact then tti(X) /-^^C^) ~ ^ f or some r > 1 
and r — 1 if and only if C is closed in X . ■ 

A spacetime (X, g L ) is said to be distinguishing at p G X if for any neighborhood 
U 3 p there is a neighborhood V C U such that p G V and any (piecewise smooth) 
causal curve 7 : [a, b] —> X with 7(a) = p and 7(6) G V is contained in V. We say 

^This fact seems to be well known and the first reference I could find is |Zeg99| . 

^The integral curves of V are g L -geodesics if and only if a(V) = since V^V = a(-)V. 
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(X, g L ) is a distinguishing spacetime if it is distinguishing for all pel. On the 
causality ladder (cf. |MS08Q we have 

strongly causal distinguishing causal. 

Proposition 2.5. Let (X,g L ,V) be an almost decent spacetime. 

(1) // (X, g L ) is causal then the leaves of the foliated manifolds (X, X) and 
(C^- , X\jr±) have trivial leaf holonomy. Moreover, X is not compact. 

(2) // (X,g L ) is distinguishing at p G X then the leaf £^ of X^ through p is 
not compact. 

(3) If(X,g L ) is distinguishing then each leaf of X is a closed subset in X and 
each leaf of X\^± is a closed subset in C 1 - . 

Proof. Any curve in a leaf £ of A 7 is lightlike, i.e., 7Ti(£) = since (X, g L ) is causal. 

Suppose £^ is compact. There is a bundle-like Riemannian metric on the com- 
pact foliated manifold (£-*-, X\ c ±). Consider the leaf £ C C 1 - of X\ c ± through p. 
If £ is closed in C 1 - then it is compact, i.e., we have a closed lightlike curve through 
p. In this case (X,g L ) would not be causal at p. On the other hand, if £ is not 
closed in £^ then £ C £^ is diffeomorphic to a torus in £^ by [Car84j and (X,g L ) 
is not distinguishing at p. 

Let £ C C 1 - be a leaf of X. Suppose we have q G £ \ £ where the closure 
is taken w.r.t. X. For any X-open neighborhood U 3 q we can find pu G £ H 
U. In particular, we may choose U to be a coordinate neighborhood ball such 
that U C U where U is a Walker coordinate neighborhood, i.e., g L — 2dxdz + 
u a dy a dz + fdz 2 + g a pdy a dyP in U and V G spanj^}. In these coordinates we 

have pu — (xq, , j/q , zq) and a curve segment 7 : [0, b] — > U with ! 4 (i + 

Xo, Vq, ■ ■ ■ , Vq , Zq). Thus, 7 G 5 implies 7([0,6]) C £ and since U C U we may 
assume 7(6) ^ [/. Finally, we can find pu G £C\U such that ^ {(•, ?/q, . . . , j/q , zo)} 
and since £ is connected there is a curve 7 in £ connecting 7(6) and py. Therefore, 
we have a (piecewise smooth) lightlike curve from pjj to pu which leaves U and 
(X, g L ) is not distinguishing at q. Hence, £ is closed in X and being the preimage 
of a closed set under C 1 - — !> X it is closed in £-*- . ■ 

Consider a leaf £-*- in a distinguishing almost decent spacetime. By Prop. 12.51 all 
leaves of the foliation X\^ are closed with vanishing fundamental group. Hence, 
£ x — > £^ lx 1S a submersion if £^ fx is Hausdorff |Sha97] . Since g R \c J - is bundle- 
like a sufficient condition is that all segments 7 of horizontal geodesies, i.e., 7(0) G 
S\£±, can be indefinitely extended (cf. He r60j ). However, for Y. G T(U,S) the 
Koszul formula implies g R (y R - 1 Y2, ^3) = 5 L (Vy I2, ^3)- Hence, a curve 7 tangent 
to S* is a horizontal geodesic if V?7 = 0. 

Example 2.6. Let (M,g) be a simply connected compact Riemannian manifold 
and / G C°°(M). For e > and L G {R, S 1 } define I := S 1 x I x M and 

gf' := 2efedz + efdz 2 + g 

where dx and dz are the standard coordinate 1-forms on S 1 x L. If / G C°°(M) 
is suitable then (X,g^) is weakly irreducible where d x is V Se -parallel. Moreover, 
the leaves of {X^X^) are compact and the universal cover of (X,g^) is globally 
hyperbolic if e is sufficiently small. 

Proof. Each leaf of is diffeomorphic to S 1 x M and the universal cover of X is 
given by R 2 x M. The pullback of g^ to R 2 x M is of the form 2dxdz + efdz 2 + g 
where x and z are the standard coordinates on R 2 . Bazaikin has shown in [BazOO, 
Thm. 2] that this metric is globally hyperbolic if e is sufficiently small. ■ 
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For a Riemannian foliation (X, J- ) with a bundle-like metric g R the transverse 
Levi-Civita connection V T on (TJ 7 ) 1 - is given by 



n (Tjn ±([X,Y]) XeTJ, 



where Y G r([/, (TJ 7 )- 1 ). Consider the foliation (C ± ,X\ C ±.) with the (V, S)- metric 
g R \c ± - Any local section V £ 3) is given by V = fV. Hence, 




and using g R {Vt}Y 2 ,Y 3 ) = g L (Vi^Y 2 , Y 3 ) we conclude 



Corollary 2.7. Lei (X, g L , V) be an almost decent spacetime and C 1 - a leaf of X . 
For any realization S of the screen bundle the transverse Levi-Civita connection 
coincides with V s \z± . M 

Definition 2.8. Let (X, g L , V) be an almost decent spacetime. If S is a realization 
of the screen bundle we say (X, g L , V, S) is 

• almost horizontal if a(Y) = g L (Z, Vy Y~) or equivalently [V, Y] £ S for any 
local section Y G T(U, S), 

• horizontal if it is almost horizontal and decent. ■ 

Hence, V V Y £ T(U, S) for any section Y £ T(U, S) if (X, g L , V, S) is horizontal. 
In particular, d{g L (Z, -))(V, -)\ E ± = -g L (Z, [V,-])\ s ± = if and only if (X, g L , V, S) 
is almost horizontal. 

Lemma 2.9. Let (X,g L , V) be an almost decent spacetime. If S is a realization of 
the screen bundle then 

(1) (X, g L ,V,S) is almost horizontal if and only if for any leaf C?~ of X 1 - 
the restriction of g R \ c ± of the (V, S)-metric defines the structure of an 
isometric Riemannian flow on (C 1 - , X\^± ), i.e., Lvg R (Wi,W2) = for all 
W\,W 2 £ 3 and V is a g R \c ± -Killing vector field of constant length. 

(2) The (V,S) -metric is bundle-like w.r.t. the foliation (X,X) and a\s = if 
and only if (X, g L , V, S) is horizontal. 

(3) The (V, S)-metric g R defines the structure of an isometric Riemannian flow 
on (X, X) and a\s — if and only if (X, g L , V, S) is horizontal and a = 0. 

Proof. Lemma [231 implies L v g R (Wi,W 2 ) = for all Wi,W 2 £ S and the first 
equivalence follows from 

L v g R (V,W 2 ) = V(g R (V,W 2 ))-g R ([V,V],W 2 )-g R ([V,W 2 },V) = -g L ([V,W 2 ), Z). 

If (X, g L , V, S) is horizontal we have a local orthonormal frame (Yi, . . . , Fdims) for 
S such that [V, Yi] £ S. Thus, g L {V^Z, Yi) = -g L (Z, V^Y t ) = and prs([V, Z\) = 
prs(VyZ) imply [V, Z] £ T(X, 3). This implies the second equivalence by Lemma 
[231 For the last statement we consider L v g R (V, Z) = -g R {[V, Z],V) = a(Z). ■ 



Proposition 2.10. Let (X, g L , V, S) be a horizontal spacetime. If f £ C°°(X) 
is (X. X)-basic, i.e., V(f) — 0, then (X,gf) is a horizontal spacetime where the 
transverse conformal change gf of g L by f is defined by 

!g f \sxs = e f g L \ S xs, 
gf(Y, V) = gf(Z, Z) = gf(y, S) = gf(Z, S) = 0, 
gf(V,Z) = l. 
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Proof. First, we show that S/fV = V L V. Let (V,Yi,..., Y dimS , Z) be a local frame 
of (X, g L ) where (Y a ) a is a g L -orthonormal frame for S. The Koszul formula and 
a| s ± = imply for U t , U 2 £ {V,Y.,Z} 

2gf(v(jV, U 2 ) = Vgf(U u U 2 ) + gf([U u V], U 2 ) - g f ([V, U 2 ], E7i). 

UU l = U 2 = Z we derive 2gf(V f z V,Z) = 2g L {V z V,Z) = 2a(Z). If U X ,U 2 £ E 1 - 
we have [V, U.\ £ Hence, 

2gf(V f u VM 2 ) = V(ef)g L (U 1 ,U 2 ) 

+ ef(Vg L (U u U 2 ) + g L ([Ui,V], U 2 ) - g L ([V, U 2 ], C7i)) 

= l/(e / )/(C/i,(7 2 ) = 

since / is (X, Af)-basic. If E/i = Z and [/ 2 £ S we conclude 2^(V^F, U 2 ) = 
efg L ([Z,V],U 2 ) -g L {[V,U 2 ],Z) = ( e / - 1)^, V^a) - since (X,^) is hori- 
zontal. The case U\ £ S and J7a = Z is similar. On the other hand, U\ = V and 
f7 2 = Z implies 2gf(V f u V, U 2 ) = -g L {[V, Z],V) = a(V) = 0. Finally, 

2gf(V f v Y.,Z)=gf ([V,Y], Z) - gf ([V, Z},Y) - 9 i \[Y, Z],V) 
es 

= e f g L (Z^Y)+g L (Z, V^ V) = 0. 

es 

Hence, (X,gf) is horizontal. ■ 

If (X, g L ) is a Walker coordinate neighborhood of the form g L = 2dxdz + 
u a dy a dz + hdz 2 + g a pdy a dy^ and we choose V := d x and Z := d z — \hd x then 
the transverse conformal change is given by gf = 2dxdz + u a dy a dz + hdz 2 + 
e f g a pdy a dyP. 

If (X,g L ,V, S) is horizontal then [V, Z] £ T(X,E), i.e., V and Z induce a 2- 
dimensional foliation on X. The (V, 5)-metric g fl is bundle-like w.r.t. this foliation 
if {Lzg R )\sxs = 0. If (X,g L ) is a Walker coordinate neighborhood as above this 
condition corresponds to d z g a p = 0. 

Corollary 2.11. Let (X, g L , V, S) be an almost horizontal spacetime and C a leaf 
of X . If all leaves of X\ c ± are compact then the projection C £■ lx\n± * s a 
principal S 1 -orbibundle over C /x\^± f or which S\c± defines a connection whose 
connection 1-form is g L (Z, •). 

Proof. Since (X, g L , V, S) is almost horizontal (£-"-, X\ c ± , g R \c ± ) is an isometric 
flow and the statement follows from |Mol881 Prop. 3.7] and a theorem of Wadsley. 
See [BG081 Thm. 6.3.8] or [55091 Prop. 3] for the details. ■ 

The following examples of horizontal spacetimes show that the leaves of X and 
X- 1 are not necessarily closed. 

Example 2.12. Let (M := S 1 x S 1 , g) be the flat torus and aeR\Q. Write d x , 
d y for the standard coordinate vector fields on M and define r\ := g(d x — -d v ,-). 
The trivial .^-bundle S 1 x T 2 admits a weakly irreducible horizontal Lorentzian 
metric g L such that the leaves of X are the fibers of the bundle. Moreover, all 
leaves of X 1 - are dense in S 1 x T 2 . 

Proof. The construction of the metric is a special case of |Lar081 Prop. 3.1]. There 
the foliation X^ is defined by -K*r\. If r\ := g(d x — ~d y , •) then Kerr/ = spanfc^ + 
ad y }. Hence, the leaves of -K*r\ are dense in 5 1 x T 2 . ■ 
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Example 2.13. Let A := T 2 x S 1 where T 2 := S 1 x S 1 and a e K \ Q. Write 
d x ,d y for the standard coordinate vector fields of T 2 and 9 2 for the last standard 
coordinate vector field in T 2 x S 1 . For / G C°°(T 2 ) define #j by 

(3 X + a<9 y , ftc + a<9 y ) = 5^(9^ + ad y ,d y ) = gf(d y ,d z ) = 0, 

gf (d x + ad y , d z ) = gf(d y ,d y ) = 1 and gf(d z ,d z ) = f. 

Then we have V 9/ (d x + ad y ) = a(-)(d x +ad y ) such that a|s± = and Hol(X, gf) = 
RkI for a suitable choice of /. In particular, C 1 - — T 2 for any leaf of X and all 
leaves of X are dense in T 2 . Finally, (X, gf, d x + ad y , span{9j,}) is horizontal. 

Proof. Define V :— d x + ad y . Then [V, d y ] — [V,d z ] — [d y ,d z ] — 0, i.e., locally we 
have coordinates (x,y,z) such that V — d x , d y = d y and d z = dz. In these local 
coordinates the Lorentzian metric is given by 

gf = 2dxdz + fdz 2 + dy 2 . 

Since V — d x we conclude that V L V — a(-)V and a\s± = 0. If the restriction of 
g L to the coordinate neighborhood U is weakly irreducible so is (X, gf). Using a 
suitable choice of / e C°°(T 2 ) we derive a weakly irreducible neighborhood (U,gf) 
and 0^0. 

The maximal integral curves of V are dense in T 2 since a 6 M \ Q. Moreover, 
3 1 - = span{V, d y }, i.e., £ ± = T 2 . The global vector field d y defines a non-canonical 
realization S of the screen bundle. Hence, S admits a global nowhere vanishing 
section which is V^-parallel and we conclude Hol(X, gf) =MkR. Finally, d y = d y 
and the local coordinate structure imply Vyd y — 0, i.e., (X, gf) is horizontal. ■ 

Example 12.61 is in fact horizontal if V := d x and S := TM and another class 
of globally hyperbolic decent spacetimes was constructed in [BM08 . Using the 
notation of BM08] we derive horizontal spacetimes if S := TF. Finally, Tom 
Krantz constructed another class of weakly irreducible spacetimes which are almost 
horizontal by |Kral01 Prop. 4]. 

3. Ricci Comparison for Decent Spacetimes 

Let (X, F) be a foliated manifold. A differential r-form ui on X is X-basic or 
basic if Vjlu = and lyw = 0. We derive a sheaf of germs of basic r-forms 
and write T for its space of global sections. By definition, if uj is basic so is dui. 
Hence, we have the basic cohomology ring H* B (X, F) of (A, T). If A is connected we 
have H%{X,F) = M and a group monomorphism Hg(X,J 7 ) =— > H 1 (X, R) induced 
bv Ak.7 7 A 1 TX (cf. [BG08] [Prop. 2A.1}). 

Let (A, g L ,V) be a decent spacetime and consider the (V, 5')-metric g R for some 
realization S of the screen bundle. If A is compact we have b\(X) > 1 by Cor l2.4l 
and if X 1 - admits a compact leaf the projection onto the space of leaves is a fiber 
bundle A — > S 1 whose fibers are the leaves of X . Hence, A is a mapping torus, i.e., 
if £ is a leaf of X 1 - there is a diffeomorphism F of such that A = x [0,1]/^ 
where (p, 0) - (F(p), 1). Using Cor. [2~ilwe have h(X) = 6i(£- L ) + l. For the higher 
Betti numbers a Mayer- Vietoris argument yields the following exact sequence in 
singular homology 

^Hi(jC x ) — Hi(L ) Hi(X) — > JJj_x(£ ) — J fli-xCC^)— ► 

where is the morphism induced by F and t : £ A is the inclusion. On 
the other hand, if A is non-compact and all leaves of X 1 - are compact then the 
natural projection induces a fiber bundle map A — > M |Sha97j . i.e., 1=^x1 
and bi(X) = h{C x ). 
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Consider an arbitrary almost decent spacetime (X, g L ,V) and suppose X^ ad- 
mits a compact leaf C . If g R is a bundle-like Riemannian metric on the compact 
foliated manifold (C \X\jr_x) and E 1 - is the (j^-orthogonal complement of V we 

define the mean curvature 1-form by k^r := g R (prE-j-(V s v ttw — )i ')• Since C 1 - 

\\V\\-R llV ll S R 

is compact [Dom98] and [MasOO imply the existence of a bundle-like Riemannian 
metric g B on such that k^b is basic and harmonic w.r.t. the basic Laplacian. 
In this case, the Euler form e of (C' 1 , X\ c ± ,g B ) is defined using Rummler's formula 

•)) = ~9 B ^y ') A K ~9 B + e - 

In |RP01j Royo Prieto proved the existence of a Gysin sequence for (C 1 -, X\ c ± , g B ) 
relating the basic cohomology of (C 1 - , X\ c ±) to the cohomology of C 1 - b>Q 

••• ^H B {X\ c x) -+iP(£ x ,R) -+ H£\_ B (X\ C ±) [ A e] H l B +1 (X\ c .) -> ... 

Here, we write H*,_ for the dual basic cohomology which can be defined 

in the following way. If (X, g B ) is a Riemannian flow whose mean curvature k^b 
1-form is basic and harmonic w.r.t. the basic Laplacian then H^_ K B {X, J-) is the 

cohomology of the complex (A^J 7 , d — k^b A •). It can be shown that H B (X, F) = 

H^l c± - l (X,T) for alii > [HKTOl Sec. 1.5]. 

For a Riemannian flow (X, J-,g B ) whose mean curvature 1-form n g B is basic 
and harmonic consider the twisted differential d K := d — \ngB A. The twisted basic 
cohomology H^ W (X, J-) is defined as the cohomology of the complex (h B ~F, d K ) and 
if 5 K denotes the formal L 2 -adjoint of d K on A^J 7 the twisted basic Laplacian is 
defined by A K := d K S K + 5 K d K . In HR1Q] Habib and Richardson proved a Hodge 
decomposition theorem for A K and the following Weitzenbock formula for any basic 
form ip <E A* B T 

A K ip = V T *V T <p + A ei^R T (ei,ej)(p + ^\n gB \ 2 <p. 

Here we write V T * for the formal L 2 -adjoint of the transverse Levi-Civita connec- 
tion on basic forms and R T (ei, ej) := [V^T , VjJ — e , where (ei, . . . , edimjf-i) 
is a transverse orthonormal frame. For a basic 1-form if Habib and Richardson 
proved 

(A K (p, ip) = <V T * V T ^, <p) + Ric T (^,^) + ±\k 9 b \ 2 \<p\ 2 , 

where Ric T is the Ricci curvature of V T . 

If (X, g ,V) is an almost decent spacetime and S a realization of the screen 
bundle then Cor. 12.71 implies V s |£i = V T where V T is transverse Levi-Civita 
connection of the Riemannian flow X\^± , g R \ c ±). If (Yi, . . . , ld; m s) is a local 



^We have seen in Lemma 12.91 that (C 1 - , X\~± > 9 R \c ± ) ' s an isometric Riemannian flow if g R 
is the (V, S')-metric of an almost horizontal spacetime (X, g L ,V, S). Thus, h„r\ = and the 

Gysin sequence for (C 1 - , X\ l r± , g R \rX ) is given by 

•••-»• H* B (X\ C± ) -+ -> H^ 1 {X\ C± ) A H^ 1 {X\ C± ) -> ■ • • 

where S = [dg L (Z r ) A ■] (cf. BG08 Thm. 7.2.1]). In particular, the Euler class is given by 
ldg L (Z,-)]£Hl(X\ c± ). 
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orthonormal frame of S we write E± :— ^=(V ± Z) and conclude 

dim S 

Ric L (Y a ,Y p ) = -g L (R L {Y ai E^)E^,Yp))+ ^ g L {R L (Y a ,Y k )Y k ,Y ) 

fe=i 

+ g L (R L (Y a , E+)E+, Y P )) 
= g L (R L (Y a ,V)Z, Y p ) +g L {R L {Y a ,Z)V, Yp) 

= -g L (R L (Z : Y fj )V,Y a ) eS 
dimS 

+ 9 L (R L (Y ai Y k )Y k ,Y ) 
fe=i 

dim S 

= J2 9 R {R S {Y a ,Y k )Y k ,Y p ) = Ric T (Y a ,Y ) 
fc=i 

for the Ricci curvature Ric L of (X,g L ). Note that Ric L (V, -)\ E ± = 0. 

Proposition 3.1. Lei (X, g L , V) be an almost decent spacetime and C x a compact 
leaf of X x . If Ric L (W,W) > for all W G TC X then bi(C x ) < dim£ x . If 
additionally Ric^(W, W) > for some q G C x and all W G S q then b\{C x ) < 1. 

Proof. Suppose Ric L (W,W) > and let g B be a bundle-like Riemannian metric 
on (C x , X\ c ±) having a basic and harmonic mean curvature form KgB. By the 
Hodge theorem for the basic Laplacian EKA90 a class [ip] G H B (X\ C ±) can be 
represented by a basic 1-form <p such that dip = c>b</? = where 5b is the i 2 -adjoint 
oi d\^i gX ^ ± . In this case, the Weitzenbock formula (cf. [HR101 Thm. 6.16]) has the 

form = J c± |V T y>| 2 + J c± Ric T ((pt,<pt). Hence, V T <p = 0, i.e., dimH B (X\ c ±) < 
dim S for dimensional reasons. If Ric^(Y,Y) > at g € £ x [HR101 Cor. 6.17] 

implies ff^AV) = 0. Since H° d _ K B {X\ C ±) = ff^^" 1 ^!^) G {E, 0} and 

we conclude ^(/I- 1 ) < dimi?|,(Af| £ A) + 1. ■ 

Corollary 3.2. Let (X, g L , V") &e a decent spacetime and C a leaf of X x . Suppose 
Ric L {W, W)>0 for all W G TC X . 

(1) If X is compact and X x admits a compact leaf then 1 < b\{X) < dimX. 

(2) If X is non-compact and all leaves of X are compact then < b\{X) < 
dimX - 1. 

Moreover, if Ric% (W, W) > for some q G C x and all W G S q the bounds are 
l<h(X)<2 and < h(X) < 1 respectively. 

Proof. Using the Mayer- Vietoris argument and Prop. 13.11 we conclude b\(X) < 
b\(C x ) + 1 < dimX if X is compact. In the non-compact case we observed X = 
C x x E, i.e., bi(X) = b x {C x ) < dimX - 1. ■ 

Proposition 3.3. The bounds in Cor. \3.2\ are optimal. 

Proof. First, we consider the upper bounds. If (M,g) is a compact Riemannian 
manifold we derive weakly irreducible Lorentzian metrics on S 1 x M x E and on 
S 1 x M x S 1 as follows: If d x is the coordinate field on S 1 define g L := 2dxdz + 
fdz 2 + g where d z is the coordinate field of the last factor and / G C°°(M) is 
suitable. Then S = TS 1 , C x = S 1 x M and V s \ c ± is flat if (M, g) is the flat torus. 
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For the second statement let (M, g) be a compact simply connected Riemannian 
manifold with strictly positive Ricci curvature. Hence, Ric T > and the upper 
bounds are optimal. 

For the lower bounds let (M,g) be a compact simply connected Calabi-Yau 
manifold, i.e., Hol(M,g) = SU(n). Consider the total space M of the ^-bundle 
given by ^ a G H^\ m {M) n H 2 (M,Z). It is shown in |Lar081 Cor. 4.4] that 
X := M x S 1 and X := M x S 1 admit weakly irreducible Lorentzian metrics 
g L such that Hol(X,g L ) = SU(n) k R 2 ™. In particular, C x = M and V s \ c ± 
is Ricci flat. The Gysin sequence for the S^-bundles implies 6i (£-*-) = since 
+ a G H 2 (M,R). 

Finally, we study the lower bounds if Ric T > 0. Let (M,g) be a compact 
simply connected Riemannian manifold with strictly positive Ricci curvature and 
let a G H 2 (M,1) be a generator. Using the construction in |Lar08j we derive 
weakly irreducible Lorentzian metrics on X = M x S 1 and on X = M X M where 
M is the total space of the 5' 1 -bundle given by a. Moreover, Ric T \sxs — Ric(M, g) 
and C = M. Hence, bi(£ ± ) = by the Gysin sequence. ■ 

We say (X,g L ) satisfies the strong energy (timelike convergence) condition at 
pelif Ric^(W, W) > for any timelike vector W € T p X. If V L V = we have 
Ric L (V, •) = and Ric L {Z,Z) = Y, k 9 L {R L {Z,Y k )Y k , Z) as well as Ric L (Z,Yi) = 
J2 k g L (R s (Z,Y k )Y k ,Y l ). 

Remark 3.4. Let (X, g L , V) be a decent spacetime such that V L V — and p G X. 
If Ric%(Z, Z) = and ^ Rp ( z , Y k )Y k = then (X, g L ) satisfies the strong energy 
condition at p G X if and only if Ric^(W, W) > for all J-F G 3^. ■ 

4. Screen Holonomy and the Topology of Decent Spacetimes 

If there is an integrable realization of the screen bundle the Blumenthal-Hebda 
decomposition theorem IBH83] immediately implies 

Corollary 4.1. Let (X,g L ,V) be an almost decent spacetime and C 1 - a leaf of X 1 - . 
Suppose S is an integrable realization of the screen bundle and p G C . 

(1) If g R \c ± * s complete then C 1 - = Mx5 where C 1 - is the universal cover of 
C and S is the universal cover of a leaf of S\ c ± . 

(2) If (X, g L , V, S) is horizontal such that (Lzg L )\sxS — and g R is complete 
then X = M 2 x S where X is the universal cover of X. 

(3) In both cases, if Hol°(V s ) = Hi x _ff 2 then S — Si x 1S2 as Riemannian 
manifolds and Hol(Si) C Hi. 

Proof. Since g R \c ± is bundle-like for (C 1 - , X\ c ±) the leaves of S\c± are totally 
geodesic in C and we can apply the Blumenthal-Hebda theorem. 

As we have seen above V and Z induce a 2-dimensional foliation on X if 
(X,g L , V, S) is horizontal and g R is bundle-like for this foliation if (Lzg L )\sxs — 0. 
The Blumenthal-Hebda theorem implies X = M x S where M the universal cover 
of a leaf of the foliation induced by V and Z. Since M is a simply connected 
parallelizable surface the uniformization theorem implies M = K 2 . 

The last statement follows from the de Rham decomposition theorem since 
ffoZ(V 5 |<j) C Hol(V s \ £x ) C Hol°(\7 s ). U 

Remark 4.2. If M is a compact simply connected manifold and X — > M is an 
^-bundle whose Euler class is a generator of H 2 (M, Z) then the universal cover of 
X is compact. Using [Lar08 we derive a decent Lorentzian metric onlxl which 
does not admit an integrable realization of the screen bundle. In fact, using the 
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Milnor-Wood inequality |Woo71j we can construct 4-dimensional decent spacetimes 
such that (C- 1 , X\ c ±) does not admit a transverse foliation. ■ 

By Cor. [2/7] and |Con741 Prop. 1.6] the foliated manifold (C X ,X\ C ±.) admits 
a transverse G-structure if Hol(V s \ c ±) C G. Note that Hol(X7 s \ c ±) C Hol(V s ). 
The classification of Lorentzian holonomy representations, i.e., representations of 
i)ol(X, g L ) has been achieved by Leistner in |Lei07| and the hard part is to show 
that f)o[(V s ) acts as a Riemannian holonomy representation. Galaev [Gal06| con- 
structed real analytic decent spacetimes for all possible representations of t)ol(V s ) 
for which \)ol(V s \ c ±) is trivial for any leaf C x of X x . Since f)o[(V 5 ) has the 
Borel-Lichnerowicz property (cf. |Lei071 Thm. 2.1]) we have decompositions 

S p = E (B ...®E e and iioZ°(V s ) = H ± © . . . © H t 

where Hj acts irreducibly on Ej for j > 1. If 7 : [0, 1] — > X is a piecewise smooth 
curve such that 7(0) = p and if is the parallel displacement w.r.t. V s along 7 

T S -1 

we define Rp 1 (v, w) := oR^^(w,v)ot^ iorv,w € £7(1) ■ The Ambrose-Singer 
theorem and R S (V, E- 1 -) = imply 

i)0l p {V s \ c ±) = span{fl£* (t^v,t^w) :v,wgS p ,j: [0, 1] -> 

Moreover, each R p ~' (r^(-), t^(-)) is an algebraic curvature tensor on 5 P . Hence, 
f)o( p (V 5 |£i) is a Berger algebra in so(S p ), i.e., it acts as a Riemannian holonomy 
representation. Since each subspace Ej is ffoZp (V 5 |£i)-invariant we may consider 

K(Ej) := sp a n{R T J(r^(-),^(-))\ EjXEjXEj }. 

Suppose 7^ i? € K,{Ek). Then i?, i?*,) is an irreducible holonomy system and 
Simons' theorem [Sim62j implies that acts on Ek as a Riemannian holonomy 
representation. 

Lemma 4.3. Let (X,g L ,V) be an almost decent spacetime and S a realization 
of the screen bundle. Suppose there is a leaf C, of X x such that (C^, g R \c ± ) * s 
complete. If p G C x and fC{E k ) = then C x = A x R dim£ fc where C 1 - is the 
universal cover of C . 

Proof. Consider the foliated manifold (£ , X\ c ± , g R \c±. ) and the lifted connec- 
tion V s |£i. Since C x is simply connected we have V s \ c ± -parallel orthonormal 
sections Y\ , . . . , Idim E k S T(C ± ,S). An integral curve of any Yj is a horizon- 
tal g R \ £± -geodesic. Hence, each Yi is a complete vector field on C x . Define 
T Yl := spanfYi} 1 - C T£ x . If W G T(U,T Yl ) is a local section then \W,Y{\ G 
V^Yi - V^W+ Af| £ .L C Moreover, V s T Yl C T yi . Thus, T Yl induces a 

transversely parallelizable codimension one foliation in C 1 - and |Con74[ Prop. 5.3] 
implies C x = Ay l x R where Ay 1 is a leaf of T Yl . For i > 2 we restrict the vector 
fields Yi to Ay-j . As above, we derive a transversely parallelizable codimension one 
foliation on Ay 1 induced by T Y2 := span{Y2U Yl } X and Yi is a complete transverse 
vector field. Inductively, we have jC 1 - — Ax R dlm Ek ■ 

Theorem 4.4. Let (X,g L ) be a time-orientable Lorentzian manifold such that 
i)ol(X, g L ) acts weakly irreducible and reducible. Suppose the associated foliation 
X 1 - admits a compact leaf C 1 - such that it\(C x ) is finite. Then f)o[(A, g L ) belongs 
to one of the following types where g := f)ot(V ). 

• Type 1: t)ol{X,g L ) = (R © g) K R dim *- 2 

• Type 2: \)o\{X,g L ) = g X K dim *- 2 
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• Type 3: 

\)ol(X,g L ) = t I A -w \:Ae Q ,we 
(\ —ip{A)J 

where ip : g -» R is an epimorphism satisfying f\[ Bl g] = 0. 
Moreover, identifying g C So(dimX — 2) £/iere are decompositions 

E dlmX - 2 = Fx © • . . © Ft and g = g x © . . . © g e 

such that each Qj acts trivially on Fi for i ^ j and as an irreducible Riemann- 
ian holonomy representation on Fj . In particular, g does not act trivially on any 
subspace o/R dimX ~ 2 . 

Proof. The universal cover of is compact and Lemma 14 . 31 implies that g does not 
act trivially on any subspace of R dimX ~ 2 . It is shown in [BBI93] that if t)oi(X,g L ) 
does not belong to one of the three types then it is given as follows. There is 
< £ < q such that K 9 = R e © R q - £ , g C So(£) and 
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for some epimorphism t/j : g -» R 9 £ satisfying ^>|r B 8 ] = 0. Since g acts trivially on 
R 9 ~^ we derive a contradiction. ■ 

Let A be a global section of some tensor bundle of S and suppose that A\ c ± 
is invariant under the action of Hol(V s \c±) for any leaf C of X 1 - . Then A is 
invariant under the action of Hol(S/ s ) if and only if Vf A = 0. We remind that 
d(g L (Z, •))!,£ -l induces the Euler class of C 1 - if (X,g L , V, S) is almost horizontal. 

Lemma 4.5. Let (X,g L ,V) be an almost decent spacetime and S a realization of 
the screen bundle. If J & T(X, O(S)) with J 2 — —ids then V s J = if and only if 
V s |£i J\c 1 - — f or an V leaf C, 1 - of and 

- d(g L (Z, -))(JYx,Y 2 ) + d(g L (Z, ■))(Y 1 ,JY 2 ) 

+ g L {{L z J){Y 1 ),Y 2 )-g L ((L z J){Y 2 ),Y 1 ). 

Proof. Define the extension J £ T(X, End(TX)) by J(V) = J{Z) = and let 
oj(.,-) : = g L (J(-),-) £ A 2 T*X. Since (L Z J)(Y) = [Z,JY] - J([Z,Y]) we compute 
for Yx,Y 2 €T(U,S) 

g L ((V z J){Yx),Y 2 ) = g L {V z {JYx),Y 2 ) - g L (JV%Yx,Y 2 ) 

= g L ([Z, JYx},Y 2 ) + g L (V L rYl Z,Y 2 ) 

+ g L ([Z, Yx],JY 2 ) + g L (V^Z, JY 2 ) 

= g L ((L z J)(Y 1 ), Y 2 ) + g L (V L JYi Z, Y 2 ) + g L {V Yl Z, JY 2 ), i.e., 

gH(nJ)(Y 1 ),Y 2 )-g^(V z J)(Y 2 ),Y 1 )^g L ((L z J)(Y 1 ),Y 2 )-g L ((L z J)(Y 2 ),Y 1 ) + 
d(g L (Z, .))(jy 1( y 2 ) + d{g L (Z, -)){Yx,JY 2 ). We conclude the statement since V s w 
is a 2-form on S and Vfw(Yi,F 2 ) = 5 L ((V| Y 2 ). ■ 

In order to estimate the higher Betti numbers we have to use the dual basic co- 
homology in the Gysin sequence of the flow if the basic cohomology does not satisfy 
Poincare duality. This is the case if and only if the Riemannian foliation (C 1 - , X\ c ± ) 
is not taut [HRlQj . Here we say {jC- 1 , X\ c ±) is taut if iJ dim£i " 1 (A'| £i ) ^ which 
is equivalent to the vanishing of the Alvarez-class [k§b] G Hg(X\ c ±). 
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By Cor. ED] and |Con74[ Prop. 1.6] the condition V s \ c ± J\ c ± = means that 
J\c± induces a Kahler foliation on (£ , X\ c ± , g R \c- L )- In particular, basic Dol- 
beault cohomology is defined on (C ± , X\^±) |EK A90j . Suppose that C- 1 is compact 
such that Ric L (W, W) > for all W G TC^ and Hol(V s \ c ±) is irreducible. As in 
Prop. 13.11 we conclude dim H^(X\ C ±) = since there is no Hol(V s \ c ± )-invariant 
vector. Hence, {C^ ,X\ C ±) is taut. 

Lemma 4.6. Let (X,g L , V) be an almost decent spacetime and a compact leaf 
of X^ . If Ric L \Tc ± xTC ± — an d Hol{V s \^±) C U(n) then any basic (p,0)-form 
tp on (C- 1 , X\ c ±) is closed if and only if X/ S \^±tp = 0- 

Proof. One part of the proof is implied by dtp = X^="l S e * ^ ^f-V'- 

Since ip is a (p, 0)-form we have 5},ip — and dtp — implies dtp — 0, i.e., 
Aftp = 0. Thus, Abtp — by the transverse Kahler identities [EKA90] and we have 
dtp = 5btp = implying J c± (A K tp,tp) = j\n\ 2 \tp\ 2 . By the Weitzenbock formula 

0=/ \V T tP\ 2 + f (V e j Ae^R T (e uej )tP,tP). 

However, R T beeing the curvature of V s |£i has the same symmetries as the cur- 
vature tensor of a Kahler manifold. Using the computation in |Joy00[ Prop. 6.2.4] 
we conclude X^j eJ A ei_ii? T (ei, ej)tp — 0, i.e., = J c± \\7 T tp\ 2 . ■ 

Proposition 4.7. Let (X,g L ,V) be a decent spacetime and a compact leaf of 
X^. Suppose Hol(V s \ c ±) is irreducible and Ric L (W,W) > for all W G TC^. 

(1) If X is compact then h(X) G {1,2} and b 2 (X) < dimHl(X\ c ±) + 1. 

(2) If X is non-compact and all leaves of X^ are compact then b\(X) G {0, 1} 
and b 2 (X) G {dimH 2 (X\ c ±) - 1, dimH%(X\ £ ±)}. 

Moreover, if Hol(S7 s \£±) = SU(n) with n ~> 3 we can replace H%(X\ C ±) by 
Hg 1 (X\£±) and if Hol(V s \£±) = Sp(n) with n > 1 we can replace dim. Hg(X\£±) 
by dim H 1 /(X\ C ±) + 2. 

Proof. Since dimH^(X\ c ±) = and (C^,X\ C ±) is taut we derive the bounds for 

bi(X) and the Gysin sequence implies E ^ H%{X\ c x.) — > H 2 ^,!®.) — > 0, i.e., 
b 2 {C J -) G {dimH 2 B (X\ c ±)-l,dim.H%(X\ c ±)}. If X is compact the Mayer- Vietoris 

argument implies H 2 (C ± ) —f H 2 {C ± ) H 2 (X) — -> ffi^) — 
Hence, 62(A) = + dimEig-^f 12 ), where Eig 1 (F + 2 ) is the eigenspace of F 2 

w.r.t. the eigenvalue 1, i.e., b 2 (X) < b^C^) + b 2 {C^) < d\mH%{X\ c ±.) + 1. The 
last statements follow from Lemma ■ 

Proposition 4.8. Let (X, g L , V, S) be a horizontal spacetime and a leaf of 
X 1 - . Suppose d(g L (Z, -))\£± G A^A"^ for some V s -parallel almost Hermitian 
structure J on S. If Z G r(A, TX) is complete then there exists a complex structure 
on the universal cover of X. 

Proof. By Cor. 12.41 the universal cover of X is diffeomorphic to X := x M. + . 
We write r for the coordinate on R+ and r\ := g L {Z,-)\ TC ±. If $ G End(T£- L ) 
is given by &(w G S p ) := J(w) and &(V) :— then (V,r],&, g R \ c ±) defines an 
almost contact metric structure on . On X we define the cone metric g c :— 
dr r + r 2 g R \ c ± and the section / G End(TX) by 

(JY HYeSp, 
IY := i rd r if Y = V, 
{ V \iY = rd r . 
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Hence, we derive an almost Hermitian manifold (X,I,g c ). By BG081 Thm. 6.5.9] 
I is integrable once we prov<flthat N$> = ~V®dri where iV$(Yi, Y 2 ) := [§Yi,$Y 2 ] + 
$ 2 [Yi,Y 2 ] - $[yi,$r 2 ] - $[$Yi,Y>] for Y. 6 TC^. Let Y x e S and Y 2 = V. 
Since {X,g L ,V,S) is horizontal we have [Yi,V] = -V^Yi. Thus, $V = and 
J o V 5 = V 5 o J implies 



-j 2 (v£Fi) + J(v£ JYi) 



0. 



The same way we compute ^(JV^Yi, Y 2 ), Y 3 ) = if Y 1 ,Y 2 ,Y 3 E S . For Y 1; Y 2 E S 
we have 

g L (N^(Y 1 ,Y 2 ),Z) = g L ([^Y 1 ,^Y 2 ],Z) = g L ([JY 1 ,JY 2 ],Z) 
= -9 L (^j Yl Z, JY 2 ) + g L {V L m Z, JYi) 
= -d(g L (Z,-))\ c ^(JY 1 ,JY 2 ). 

We conclude g L {N^(Y ll Y 2 ), Z) = -dr){Y u Y 2 ) since d(g L {Z, -))\ c ± eA^X\ c ± and 
d V = d(g L (Z,-))\ c ^. ■ 
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